We prove that for an arbitrary upper semi-continuous function φ : G(1, 2) → [0, 1] there exists a compact set F in the plane such that dim A πF = φ(π) for all π ∈ G(1, 2), where πF is the orthogonal projection of F onto the line π. In particular, this shows that the Assouad dimension of orthogonal projections can take on any finite or countable number of distinct values on a set of projections with positive measure. It was previously known that two distinct values could be achieved with positive measure. Recall that for other standard notions of dimension, such as the Hausdorff, packing, upper or lower box dimension, a single value occurs almost surely. 
Dimensions of Projections
Starting with the seminal work of Marstrand [M54] from the 1950s, the behaviour of dimension under orthogonal projection has received a lot of attention in the fractal geometry and geometric measure theory literature. The general principle has been that the dimension of the orthogonal projection of a Borel set in R d onto a k-dimensional subspace almost surely does not depend on the specific choice of subspace. This has been verified for many different notions of dimension and in more general settings, see for example the surveys [FFJ15, M14] and the recent advance [KOV17] . The MarstrandMattila projection theorem for Hausdorff dimension states that, given a Borel set F ⊆ R d , we have dim H πF = min{k, dim H F } for almost every π ∈ G(k, d), where dim H denotes the Hausdorff dimension, and G(k, d) is the Grassmanian manifold consisting of k-dimensional subspaces of R d which we identify with orthogonal projections π onto a given subspace. It was recently proved by Fraser and Orponen [FO17] in the planar case and Fraser [F18] in the general case that for any set F ⊆ R d , we have dim A πF min{k, dim A F } for almost every π ∈ G(k, d), where dim A denotes the Assouad dimension, see below for the definition. The surprising additional result from [FO17] being that one cannot improve this result to an almost sure equality. Indeed, dim A πF can take on two distinct values with positive measure. The purpose of this article is to push this observation further: how wild can dim A πF be as a function of π?
To finish the introduction, we recall the definition of the Assouad dimension. For any non-empty bounded set E ⊂ R d and r > 0, let N r (E) be the smallest number of open sets with diameter less than or equal to r required to cover E. The Assouad dimension of a non-empty set F ⊆ R d is defined by
where B(x, R) denotes the closed ball centred at x with radius R. It is well-known that the Assouad dimension is always an upper bound for the Hausdorff dimension and upper box dimension; for example, see [L98] .
Results
Our main result allows one to construct compact sets in the plane whose projections behave in a predefined manner with respect to the Assouad dimension.
Theorem 2.1. Given an upper semi-continuous function φ :
We remark that the assumption on upper semi-continuity is only needed to prove the upper bound dim A πF φ(π) in the claim. In the context of Marstrand's projection theorem, that is, the approach of describing the dimensions of generic projections, we obtain the following corollaries, which are in stark contrast to what is possible for other standard notions of dimension, such as the Hausdorff, packing or box dimensions.
Corollary 2.2. Let E ⊆ [0, 1] be any finite or countable set. There exists a compact set F in the plane such that for all s ∈ E, we have dim A πF = s for a set of π ∈ G(1, 2) of positive measure.
Proof. This follows immediately from Theorem 2.1 by letting {I x } x∈E be a family of pairwise disjoint compact subsets of G(1, 2) each with non-empty interior and then choosing φ to satisfy φ(π) = x for all π ∈ I x and φ(π) = 0 otherwise. This answers [FO17, Question 2.2] which asked how many distinct values the Assouad dimension of πF can assume for a set of π with positive measure. This corollary also answers [FO17, Question 2.7] , which asked if there exists a compact planar set for which the Assouad dimension of the projection takes different values on two sets with nonempty interior. Finally, we can answer [FO17, Question 2.6 ] which asked if, given 0 s < log 5 3, there exists a compact planar set with Hausdorff dimension s, for which the Assouad dimension of the projections is not almost surely constant. This was motivated by the fact that the examples constructed in [FO17] necessarily had Hausdorff dimension at least log 5 3. The examples constructed in Theorem 2.1 provide such a set when s = 0, which was the most difficult case, and to adapt this for s > 0 one can simply add to F a self-similar set of Hausdorff and Assouad dimension s which is contained in a line. The projections of this set in all but one direction will also have dimension s and therefore will only influence the Assouad dimensions of projections where dim A πF < s.
In addition to finding many values which appear as the Assouad dimension of projections with positive probability, we can also provide the following complementary result which avoids all values almost surely.
Corollary 2.3. There exists a compact set F in the plane such that, for all s ∈ [0, 1], there is at most one π such that dim A πF = s.
Proof. This follows immediately from Theorem 2.1 by letting φ be given by φ(x) = x/π where we identify G(1, 2) with (0, π] in the natural way.
Proof of Theorem 2.1
We require the following technical lemma which we state in more generality than we need since it may be of interest in its own right and we could not find it in the literature. The result should be thought of as a separability property for functions, and we note that for continuous functions any choice of countable dense set Q will suffice.
Lemma 3.1. Let X and Y be separable metric spaces. For any function φ : X → Y there exists a countable dense subset Q of X such that, given x ∈ X, there exists a sequence (x k ) k of points in Q for which x k → x and φ(x k ) → φ(x) as k → ∞.
Proof. Consider the set Graph(φ) := {(x, φ(x)) : x ∈ X} ⊆ X × Y , where the product is equipped with the sup metric. Since X and Y are separable, so is X × Y and also Graph(φ). Therefore we may extract a countable dense subset Q ′ ⊆ Graph(φ). If p X : X × Y → X is the canonical projection, then the set Q = p X (Q ′ ) clearly satisfies the requirements of the lemma.
For the rest of the section, we assume that φ : G(1, 2) → [0, 1] is an upper semicontinuous function. Let Π be a countable dense subset of G(1, 2) satisfying the requirements of Lemma 3.1. For each π ∈ Π and integer n 1, we construct a finite set F π,n associated to π as follows. Let s = φ(π) and choose c ∈ (0, 1/2] such that log 2/ log(1/c) = s provided s > 0 and c = 0 otherwise. Let S 0 , S 1 : [0, 1] → [0, 1] be defined by S 0 (x) = cx and S 1 (x) = cx + 1 − c and let
which is a finite approximation of the self-similar set generated by {S 0 , S 1 }. We assume a basic familiarity with self-similar sets; see for example [F15, Chapter 9] . Note that E n consists of 2 n points, provided c > 0, and 2 points if c = 0. If c > 0, let
and otherwise let Z n = {0, 1}. Then let F ′ n ⊆ E n × Z n be such that π 1 F ′ n = E n and π 2 F ′ n = Z n , where π i denotes projection onto the ith coordinate. There are clearly many ways to choose F ′ n and so for definiteness we assume that when F ′ n is viewed as the graph of a function from E n to [0, 1] it is decreasing, which uniquely determines it. The idea here is that π 1 F ′ n = E n is uniformly approximating a self-similar set of dimension s and π 2 F ′ n = Z n is approximating the set Z = {0} ∪ n Z n = {0} ∪ {2 −i : i = 1, 2, . . . } which has Assouad dimension 0. We now want to force the projections of F ′ n to also appear 0-dimensional in directions distinct from π 1 and π 2 , which is achieved by 'stretching', and to re-align F ′ n such that the direction of the large projection is π instead of π 1 , which is achieved by rotating. Finally, we shall place the stretched and rotated versions of F ′ n on the graph of x → x 2 in such a way that their projections (in any direction) do not overlap with each other too much. To this end, let g : Π × N → N be a bijection and
where A i is the linear map which scales by h(i) in the horizontal direction and v(i) in the vertical direction, R π is the rotation about the origin so that the base of
is parallel with π, and t i = (2 −i , 4 −i ) is a translation. Here h and v are decreasing functions from N to (0, 1) chosen such that h(i) < v(i) < 10 −i for all i 1 and
and notice that, by construction, the set F is clearly compact.
Before showing that the set F satisfies the properties claimed in Theorem 2.1, we provide the reader with some preliminaries.
Lemma 3.2. For all ε > 0 there exists a constant C ε 1 such that for every π ∈ Π, n 1, x ∈ R 2 , and 0 < r < R we have
Proof. Fix ε > 0, and let C ′ ε 1 be such that for all z ∈ R and 0 < r < R we have
This can be achieved since dim A Z = 0. Fix π ∈ Π and n 1, and let π ⊥ denote the orthogonal complement of π. For distinct x, y ∈ F π,n , note that
and therefore, since 2 −2 i v(i)/h(i) → ∞, we observe that π ⊥ is a bi-Lipschitz map on F π,n with Lipschitz constants which can be bounded away from 0 and ∞ independently of π and n. In fact, the Lipschitz constants approach 1 as g(π, n) → ∞ or n → ∞. Therefore there is a uniform constant C 0 1 such that for all r > 0 and any subset
down by a factor of v(g(π, n)). It follows that for arbitrary x ∈ R 2 and 0 < r < R we have
which proves the claim.
Let K(R) denote the set of all compact subsets of R, which is a complete metric space when equipped with the Hausdorff metric d H defined by
where, for any C ∈ K(R),
denotes the open δ-neighbourhood of C. We write B(0, 1) ⊂ R to denote the closed unit ball. One of the most effective ways to bound the Assouad dimension of a set from below is to use weak tangents; an approach going back to Mackay and Tyson [MT10] and Keith and Laakso [KL04] . Let F ⊂ R and E ⊆ B(0, 1) be compact. If there exists a sequence of similarity maps
The proof of this proposition can be found in [MT10, Proposition 6.1.5] . We also have the following dual result which shows that the Assouad dimension can always be achieved as the Hausdorff dimension of a weak tangent.
This statement follows from [F08, Theorem 5 .1] and [KR16, Proposition 3.13], or, alternatively, directly from [KOR18, Proposition 5.7] . We are now ready to prove the main theorem.
Proof of Theorem 2.1. Let us first show that dim A F = 0. Fix x ∈ F and 0 < r < R 1, and let m := min{g(π, n) : B(x, R) ∩ F π,n = ∅}. Note that we may assume R 1 since F is bounded. Suppose first that B(x, R) only intersects one of the sets F π,n , which is therefore necessarily the one associated to m. It follows from Lemma 3.2 that
Now suppose that B(x, R) intersects more than one of the sets F π,n . In particular, it must intersect F π,n for some g(π, n) > m. This forces
and therefore − log R log 2 − 3 m − log R log 2 + 2. (3.3)
We have
whereC ε is a constant depending only on ε, such that C ε log x/ log 2 C ε x ε for all x 1. We have proved that dim A F 2ε and since ε > 0 is arbitrary, we get dim A F = 0 as required.
We now prove that dim A πF φ(π) for all π ∈ G(1, 2). Fix π ∈ G(1, 2) and let s = φ(π) which we may assume is strictly positive since otherwise there is nothing to prove. Let c ∈ (0, 1/2] be such that s = − log 2/ log c > 0. Let (π k ) k be a sequence of points in Π given by Lemma 3.1 such that π k → π and φ(π k ) → φ(π) as k → ∞. Let F k := F π k ,k denote the set consisting of 2 k points which is associated to π k ; see (3.1) for the precise definition. Further, let c k ∈ (0, 1/2] be the constant associated with F k such that − log 2/ log c k = φ(π k ). As φ(π k ) → φ(π), it follows that c k → c as k → ∞.
Let I = [0, 1] and for λ ∈ (0, 1/2], let E(λ) ⊆ I be the self-similar set associated with the maps x → λx and x → λx + (1 − λ). For each k 1 let T k : R → R be the similarity given by
Here we identify orthogonal projections of R 2 and R in the natural way. We claim that
in the Hausdorff metric as k → ∞. Since the map (π ′ , A) → π ′ A ∈ K(R) defined on G(1, 2) × K(B(0, 2)) is uniformly continuous by the Heine-Cantor Theorem, we see that
as k → ∞. It therefore follows, by applying the triangle inequality twice, that
Since K (I) is compact we may extract a subsequence of the sequence T k (πF )∩I which converges to a set πF which is necessarily a weak tangent to πF . Since T k (πF k ) ∩ I ⊆ T k (πF ) ∩ I for all k by the definition of F and T k (πF k ) ∩ I → E(c) as k → ∞ by (3.4), it follows that E(c) ⊆ πF . Therefore Proposition 3.3 yields
Finally, we prove that dim A πF φ(π) for all π ∈ G(1, 2). For a given π ∈ G(1, 2) (which we fix from now on) we first argue that the projections πF π ′ ,n (π ′ ∈ Π, n 1) are exponentially separated. First suppose that π does not correspond to the vertical projection. Since
we have that the sets π(F π ′ ,n ) are pairwise disjoint for large enough g(π ′ , n) (or n), and even separated by a distance of at least a constant times 2 −g(π ′ ,n) . More precisely, there exists a constant K 1 such that inf{|x − y| : x ∈ πF π ′′ ,m , y ∈ πF π ′ ,n , and
where θ is the angle π makes with the horizontal axis. Note that cos(θ) = 0 since π is not the vertical projection. The angle π makes with the horizontal axis is relevant because the translations t i become tangent to the horizontal axis since they lie on the graph of x → x 2 . Secondly, suppose that π is the vertical projection. Similar to above, since
we have that the sets πF π ′ ,n are pairwise disjoint for large enough g(π ′ , n) (or n), and even separated by a distance of at least a constant times 4 −g(π ′ ,n) . We are forced to replace 2 −g(π ′ ,n) with 4 −g(π ′ ,n) here because the vertical projection of the set of translations t i is the sequence 4 −i , rather than (asymptotic to) cos(θ)2 −i . Since each of the sets F π ′ ,n are finite and the Assouad dimension is finitely stable, we may assume without loss of generality that these separation properties holds for all F π ′ ,n . That is, we may assume that for all (π ′ , n) = (π ′′ , m) with g(π ′′ , m) > g(π ′ , n) we have
for a constant C(π) depending only on π. Suppose E is a weak tangent to πF . By Proposition 3.4, it suffices to show that dim H E φ(π). Since E is a weak tangent, there exists a sequence of similarity maps T l on R such that T l (πF ) ∩ B(0, 1) → E in the Hausdorff metric as l → ∞. We may assume that there are arbitrarily large k such that T l (πF π ′ ,k )∩B(0, 1) = ∅ for some l and some π ′ ∈ Π. Otherwise E is a weak tangent of a finite set and would therefore be finite itself. We may also assume that T l → ∞ since otherwise E is countable. Therefore, by taking a subsequence of (T l ) l we may assume that min{k :
For a given l 1, suppose for some large k 1 we have
and therefore
It follows from the separation property (3.5) that T l (πF π ′′ ,i )∩B(0, 1) = ∅ for all (π ′′ , i) = (π ′ , k), provided that k is sufficiently large, depending on π.
On the other hand, suppose that for all large enough l we have |T l (πF π ′ ,k )| < 2 −g(π ′ ,k) for all k and π ′ such that T l (πF π ′ ,k )∩B(0, 1) = ∅. This means that the contribution from individual π(F π ′ ,k ) vanishes to a single point in the limit and E must be a weak tangent of the projection of the closure of the set of translations, {π(t i )} i ∪ {0}, and therefore has Hausdorff dimension 0. Therefore we may assume (by taking a subsequence if necessary) that for all l there exists a unique pair (π(l) 
Using compactness of G(1, 2), we may assume that π(l) → π * ∈ G(1, 2) as l → ∞. First suppose that π * = π. It follows that E is a weak tangent of Z = {0}∪{2 −i : i = 1, 2, . . . } and therefore has dimension 0. On the other hand, suppose π * = π. This case is more delicate and is interestingly the only point in the proof where we use upper semicontinuity of φ. Consider F l := F π(l),k(l) which, for large l, is contained in a very long and thin rectangle with long side almost orthogonal to π. Let
which, by recalling (3.1), is simply the projection of F l onto the base of the rectangle containing it. Similarly, let
which is simply the projection of F l onto the long side of the rectangle containing it. Order the points in F l by writing F l = {x 1 , x 2 , . . . , x 2 k(l) } in the natural 'from top to bottom' order. For each x n ∈ F l label the corresponding point in E ′ l by e n and the corresponding point in Z ′ l by z n . Assume without loss of generality that k(l) is even and group the points in F l into 2 k(l)/2 groups of size 2 k(l)/2 in increasing manner, that is,
The corresponding grouping of the points in E ′ l arranges the points into the level k(l)/2 cylinders of the self-similar set which E k(l) is approximating. We may assume without loss of generality that T l (πF l ) ∩ B(0, 1) = {π(x i ) : (n − 1)2 k(l)/2 + 1 i 2 k(l) } for some n which we fix from now on and that T l h(k(l)) |B(0, 1)| = 2. The easiest case to keep in mind is if n = 1 which corresponds to all of F l contributing to the tangent and not just part of it.
Observe that for (n − 1)2 k(l)/2 + 1 i n2 k(l)/2 we have
where t(l) is (asymptotic to) the translation associated with the similarity corresponding to the common level k(l)/2 cylinder in the construction of E ′ l which the corresponding points e i all belong to. In the easiest case where n = 1, t(l) = 0.
Similarly, for n2 k(l)/2 + 1 i 2 k(l) we have (3.9) This is because the distance between π(x i ) and π(e i ) halves every time i increases by 1 and |T l (π(x M )) − T l (π(e M ))| 2, where M = (n − 1)2 k(l)/2 + 1 since T l (π(x M )), T l (π(e M )) ∈ B(0, 1). Using (3.8), (3.9), and (3.7), it follows that
However, T l (πE ′ l ) → η E E ′ + t E where η E 0 is a constant, t E is a translation and E ′ is a self-similar set of dimension at most lim sup l→∞ φ(π(l)) φ(π), using upper semicontinuity of φ. Moreover, T l (πZ ′ l + t(l)) → η Z Z + t Z where η Z 0 is a constant, t E is a translation, and Z = {0, 2 −1 , 2 −2 , . . . }. It follows that dim H E φ(π) as required.
Final remarks
We proved that for any upper semi-continuous function φ : G(1, 2) → [0, 1] there exists a compact set F ⊂ R 2 such that dim A πF = φ(π) for all but at most one π ∈ G(1, 2). Notice, however, that the function π → dim A πF need not be upper semi-continuous in general since a line segment satisfies dim A πF = 1 for all but one direction where the dimension is 0. It is therefore natural to ask what sort of functions can be realised as π → dim A πF . We observe that the set {φ : G(1, 2) → [0, 1] : φ(π) = dim A πF for some compact F ⊂ R 2 } has cardinality ℵ 1 : Theorem 2.1 implies that it is at least ℵ 1 but it cannot be more than ℵ 1 since there is a natural surjection from the set of compact subsets of R 2 onto this set.
In particular, there must be functions which cannot be realised as π → dim A πF for a compact set F . Finally, we remark that it should be possible to generalise our proof of Theorem 2.1 to higher dimensions for an upper semi-continuous function φ : G(k, d) → [0, k]. We do not pursue the details.
